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Abstract. Let G be an arbitrary finite weighted digraph with weights in the 
set of complex rational functions. A general procedure is proposed which allows 
for the reduction of G to a smaller graph with a less complicated structure 
having the same spectrum as of G (up to some set known in advance). The 
proposed procedure has a lot of flexibility and could be used e.g. for design of 
networks with prescribed spectral and dynamical properties. 

1. Introduction 

The structure of a given graph can range in complexity from being quite simple, 
having some regular features or small edge and vertex sets to being extremely 
complicated where basic characteristics of the graph are hard to obtain or estimate. 
Such complicated structure is typical if for instance the graph represents some real 
network El OH E3 EH ES] . 

An important problem therefore is whether it is possible to simplify or reduce a 
graph while maintaining its basic graph structure as well as some characteristic(s) 
of the original graph. A related key question then is which characteristic(s) to 
conserve while reducing a graph. 

Studies of dynamical networks (i.e. networks of interacting dynamical systems 
which could be cells, power stations, etc.) reveal that an important characteristic 
of a network's structure is the spectrum of the network's adjacency matrix [4l[23lHl 
122] . With this in mind we present an approach which allows for the reduction of a 
general weighted digraph in such a way that the spectrum of the graph's (weighted) 
adjacency matrix is maintained up to some well defined and known set. 

We denote the class of graphs for which reductions are possible by G which 
consists of the set of all finite weighted digraphs without parallel edges but possibly 
with loops having weights in the set W of complex rational functions. A graph 
G e G can therefore be written as the triple G — (V,E,lu) where V and E are 
the vertex and edge sets of G respectively and u : E — ► W. Each such graph has 
an adjacency matrix with a well defined spectrum which we denote by u(G) C C. 
With this in place a graph reduction of G can be described as follows. 

Given a specific subset S C V which we call a structural sets of G, an isospectral 
reduction of G over the vertex set S is a weighted digraph TZs{G) = {S,£, n) (see 
section 3 for the exact definitions). The main result of the paper is the following 
theorem (see theorem I3.5j) . 

Theorem: Let G E G and S be a structural set of G. Then a(G) and a(lZs(G)) 
differ at most by N(G; S) . 
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The set Af(G; S) is a finite set of complex numbers which is known and is the largest 
set by which a(G) and <j(1Zs(G)) can differ. 

As a typical graph has many different structural sets it is possible to consider 
different isospectral reductions of the same graph. Moreover, since a reduced graph 
is again a weighted digraph it is possible to consider sequences of such reductions. 
The flexibility of this process is reflected in the fact that for a typical graph GeG 
it is possible to reduce G to a graph on any nonempty subset of its original vertex 
set. That is, we may simplify the structure of G to whatever degree we desire. 

From this it follows that if V is any nonempty subset of the vertices of G then 
there are typically multiple ways to sequentially reduce G to a graph on V. As 
it turns out each such reduction results in the same graph independent of the 
particular sequence. This uniqueness result can be interpreted as the property that 
sequential reductions on G are commutative. 

Furthermore, the class of graphs which can be reduced via this method is very 
general. Specifically, we may reduce those graphs in G which consist of weighted 
digraphs without parallel edges. Since undirected and unweighted graphs or graphs 
with parallel edges can be considered as weighted digraphs via some standard con- 
ventions then such graphs are automatically included as special cases of graphs that 
may be reduced by this procedure. 

Because of the flexibility in reducing a graph the relation of having the same 
branch reduction is not an equivalence relation on the set G as this relation is not 
transitive. However, it is possible to construct specific types of structural sets as 
well as rules for sequential reductions which do induce equivalence relations on the 
graphs in G which we give examples of. 

Also we note that generally, the tradeoff in reducing a graph is that although the 
graph structure becomes simpler the weights of edges become more complicated. 
Therefore, we also consider graph reductions over fixed weight sets in which the 
weight set of the graph is maintained under this reduction while the vertex set is 
reduced. 

The structure of the paper is as follows. In Sect. 2 we present notation and some 
general definitions. Sect. 3 contains the description of the reduction procedure as 
well as some results on sequences of such reductions. Some of the main results and 
techniques of the paper are then stated in Sect. 4. Proofs of these statements are 
given in Sect. 5. In Sect. 6 we study the relations between the strongly connected 
components of the graph and its reductions. Sect. 7 considers reductions over fixed 
weight sets and Sect. 8 contains some concluding remarks. 



2. Preliminaries 

In what follows we formally consider the class of digraphs consisting of all fi- 
nite weighted digraphs with or without loops having edge weights in the set W of 
complex rational functions described below. We denote this class of graphs by G. 

As previously mentioned, graphs or which are either undirected, unweighted, or 
have parallel edges can be considered as graphs in G. This is done by making an 
undirected graph G into a directed graph by orienting each of its edges in both 
directions. Similarly, if G is unweighted then it can be made weighted by giving 
each edge unit weight. Also multiple edges between two vertices of G may be 
considered as a single edge by adding the weights of the multiple edges and setting 



ISOSPECTRAL GRAPH REDUCTIONS 



3 



this to be the weight of this single equivalent edge. We will typically assume that 
the graph GeGor use these conventions to make it so. 

By way of notation we let the digraph G, possibly with loops, be the pair (V, E) 
where V and E are the finite sets denoting the vertices and edges of G respectively, 
the edges corresponding to ordered pairs (v, w) for v, w G V. Furthermore, if G is 
a weighted digraph with weights in W then G — (V, E) together with a function 
u> : E — > W where ui(e) is the weight of the edge e for eG£. We use the convention 
that w(e) = if and only if e (/ E. Importantly, if G G G then similar to digraphs 
we will denote this by writing G ~ (V, E, oj). 

In order to describe the set of weights W let C[A] denote the set of polynomials 
in the single complex variable A with complex coefficients. We define the set W to 
be the set of rational functions of the form p/q where p,q G C[A] such that p and q 
have no common factors and q is nonzero. 

The set W is then a field under addition and multiplication with the convention 
that common factors are removed when two elements are combined. That is, if 
p/q, r/s G W then p/q + r/s = (ps + rq) / (qs) where the common factors of ps + rq 
and qs are removed. Similarly, in the product (pr)/(qs) of p/q and r/s the common 
factors of pr and qs are removed. However, we may at times leave sums and the 
products of sums of elements in W uncombined and therefore possibly unreduced 
but this is purely cosmetic since there is one reduced form for any element in W. 

To introduce the spectrum associated to a graph having weights in W we will use 
the following notation. If the vertex set of the graph G = (V, E, oj) is labeled V = 
{vi, . . . , v n } then we denote the edge (vi,Vj) by . The matrix M(G) = M (G, A) 
defined entrywise by 

(M(G0) y =w(e«) 

is the weighted adjacency matrix of G. 

We let the spectrum of a matrix A — A(X) with entries in W be the solutions 
including multiplicities of the equation 

(1) det(A(A) — XI) = 

and for the graph G we let <j(G) denote the spectrum of M(G). The spectrum of a 
matrix with entries in W is therefore a generalization of the spectrum of a matrix 
with complex entries. 

Moreover, the spectrum is a list of numbers. That is, 

a(G) = { (o-i,ni) : 1 < i < p, <n G C, n t e N} 

where n, is the multiplicity of the solutions (jj to equation ([1]), p the number of 
distinct solutions, and (oi,nj) the elements in the list. In what follows we may 
write a list as a set with multiplicities if this is more convenient. 

3. Graph Reductions 

In this section we describe the main results of the paper. That is, we present 
a method which allows for the reduction a graph while maintaining the graph's 
spectrum up to some known set. We also give specific examples of this process 
notably using this method to reduce graphs associated with the Laplacian matrix 
of a graph. Some natural consequences and extensions of this process are also 
mentioned. 
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g n s (G) 

Figure 1. Reduction of G over S = {w 2 , w 5 }. 



3.1. Setup. Here we first introduce some definitions as well as some terminology 
that allow us to be precise in our formulation of an isospectral reduction. 

In the following if S C V where V is the vertex set of a digraph let S denote the 
complement of S in V. Also, as is standard, a path P in a digraph G = (V, E) is 
a sequence of distinct vertices vi, . . . ,v m € V such that (vt, G E for 1 < i < 
m — 1 and in the case that the vetices vi,...,v m are distinct, except that v\ = v m , 
P is a cycle. Moreover, let the vertices V2, ■ ■ ■ ,v m -i 01 P be the interior vertices 
of P. 

Definition 3.1. For G = (V, E) let £(G) be the digraph G with all loops removed. 
We say the nonempty vertex set S C V is a structural set of G if S induces no 
cycles in 1(G) and for each Vi € S, u)(eu 7^ A). We denote by st(G) the set of all 
structural sets of G. 

Definition 3.2. For G = (V,E) with S = {vi,...,v m } G st{G) let B lJ {G;S) 
be the set of paths or cycles from Vi to Vj in G having no interior vertices in S. 
Furthermore, let 

B S (G)= |J Bij(G;S). 

l<i,j<m 

We call the set Bs(G) the set of all branches of G with respect to S. 

Definition 3.3. Let G = {V,E,lu) and e B S (G) for some S e st(G). If = 
vi,...,v m for m > 2 we define 

m— 1 / \ 

as the branch product of 0. If m — 2 we define Vu(0) — uj(ei2). 

Definition 3.4. Let G = with structural set S = {v\ ...,v m }. Define 

IZs(G) — (S, £, fj.) to be the digraph such that £ £ if Bij(G; S) ^ and 

(2) M(e«)= £ i^i'i^"*- 

/3£B i;j (G;S) 

We call 1Zs(G) the isospectral reduction of G over 5. 

The graph 1Zs(G) € G since V bJ (0) G W implying ju(ey) is as well. Figure 1 
gives an example of a reduction of the graph G. We note here that all figures in 
this paper follow the aforementioned conventions that undirected and unweighted 
edges are assumed to be oriented in both directions and have unit weight. 

As another example of a graph reduction consider the complete undirected un- 
weighted graph without loops K n = (V, E) on n vertices. IfV — {vi, . . . , v n } then 
K n has n structural sets Sk each given by Sk = V\{vk}, 1 < k < n. For each k the 
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Figure 2. Reduction of ^2,3 over M. 

graph TZs k (K n ) has an (n— 1) x (n— 1) adjacency matrix .M where {M)u = 1 + 1/A 
for all 1 < i,j < n — 1. 

For the complete bipartite graph K m n — (V, E) where V is partitioned into the 
sets M and N having m and n vertices respectively it follows that both M, N £ 
st(K rn , n ). Moreover, lZM{K m . n ) is the digraph with all possible edges including 
loops on m vertices each having weight n/X (see figure 2). 

In order to understand the extent to which the spectrum of a graph is maintained 
under different reductions we introduce the following. If S is a structural set of the 
graph G = (V, E, ui) where V = {vi, . . . , v n } let 

i) or uj(eu) is undefined}. 

That is, JV(G: S) is the set of A 6 C for which there is some vertex Vi off the 
structural set 5* where uj{eu) = X or, as uo(eu) — pi(X)/qi(X) e W, the values of A 
at which qi(X) = 0. As an example for the graph G and structural set S in figure 
I Af(G;S)= {0,1}. 

If G, H e G and N C C then let a{G) \ N be the list given by 

a{G)\N ={{ui,m) £ a(G) : a t $ N). 

Moreover, if it happens that <r(G) \ N = <r(H) \ N then we say <r(G) and <j(H) 
differ at most by N . The main result of this paper can then be phrased as follows. 

Theorem 3.5. Let G £ G with S £ st(G). Then cr(G) and a(TZ s {G)) differ at 
most byN{G\ S). 

That is, the spectrum of G and the spectrum of its reduction lZs(G) differ at 
most by elements of J\f(G; S) which justifies our use of the terminology isospectral 
reduction as the spectrum is preserved up to some known set. 

We note that two weighted digraphs Gi = (Vi, Ex, Lof), and G2 = ^2^2,^2) 
are isomorphic if there is a bijection p : V\ — > V% such that there is an edge eij in 
Gi from Vi to Vj if and only if there is an edge between p{vi) and p(vj) in G2 
with L02(&if) = If the map p exists it is called an isomorphism and we write 

Gi ~ G2. 

Definition 3.6. Let G,H £ G. We say G and H have a reduction in common 
via the structural sets 5* and T respectively if S £ st(G), T £ st(H) and TZs(G) ~ 

n T {H). 

The fact that isomorphic graphs have the same spectrum with theorem 13.51 to- 
gether imply the following. 
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A+l 
A 



h n T {H) 

Figure 3. K T (H) ~ K S (G) from Fig. 1 



Corollary 1. If G, H G G have a reduction in common via the structural sets S 
and T respectively then a(G) and a(H) differ at most by Af(G; S) U M{H; T). 

Figure 3 gives an example of a reduction of H in which 1Zt{H) ~ TZs(G) where 
G and S are the graph and structural set respectively in figure 1. Therefore, 
the adjacency matrices of G and H in figures 1 and 3 respectively have the same 
spectrum up to Af(G; S) UAf(H; T) = {0, 1}. In this case one can compute cr(G) = 



{2, -1, 1, 1, 0, 0}, a{H) = {2,-1, 1, 0}, and a{U s {G)) = a{TL T {H)) = {2, -1} 



We note that the representation of matrices with nonnegative entries by smaller 
matrices with polynomial entries has been used before (see e.g. [5]). However, the 
reason for doing so is different from our motivation in this paper. 

3.2. Laplacian Matrices. An alternate view of the graph reductions presented in 
section 3.1 is to consider the reduction process one in which the matrix M(G) is 
reduced to the matrix M(lZs{G)) and view theorem 13. 51 as a theorem about matrix 
reductions. Viewed this way an important application of theorem 13.51 is that one 
may reduce not only the graph G but also the graphs associated with both the 
combinatorial Laplacian matrix and the normalized Laplacian matrix of G. 

To make this precise, let G = (V, E) be an unweighted undirected graph without 
loops, i.e. a simple graph. If G has vertex set V — . . . , v n } and d(vi) is the 
degree of vertex Vi then its combinatorial laplacian matrix Ml(G) is given by 



On the other hand the normalized laplacian matrix Mc(G) of G is defined as 



The interest in the eigenvalues of Ml{G) is that ct(Ml(G)) gives structural 
information about G (see [32]). On the other hand knowing a(Mc(G)) is useful 
in determining the behavior of algorithms on the graph G among other things (see 



As every nxn matrix with weights in W has a unique weighted digraph associated 
to it then let L(G) be the graph with adjacency matrix Ml(G) and similarly let 
C{G) be the graph with adjacency matrix Mc(G). Since both L(G) and C{G) can 
be considered in G via our conventions then either may be reduced. We summarize 
this as the following theorem which is a corollary to theorem 13.51 




d(vi) i=j 

— 1 i 7^ j and Vi is adjacent to v 
otherwise 
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G L(G) K {V1 , V2} (L(G)) 

Figure 4. Reduction of the graph L(G). 

Theorem 3.7. Suppose G is a simple graph with vertex set V . If S C V is such that 
S induces no cycles in G then S G st(L(G)) and a(L(G)) and o~(lZs{L(G))) differ 
at most by N{L{G);S). Similarly, S G st{C{G)) and a(C(G)) and a(K s {C(G))) 
differ at most by Af(C(G); S). 

For example if G = K3 is the complete graph on 3 vertices then the graph L(G), 
shown in figure 4, has the structural set S — {^1,^2} since S = {v^} induces no 
cycles in G. Reducing over this set yields TZg{L(G)) where, as can be verified, 
J\f(L(G), S)=2£ a(L(G)) implying a(Ks(L(G))) = <j(L(G)). 

Remark 1. One could generalize Ml(G) to any G G G where G has no loops and n 
vertices by setting M L {G). l0 = -M(G) l3 for * ^ j and M L (G) U = E"=i,^i M ( G h- 
This generalizes and is consistent with what is done for weighted digraphs in [27] 
for example. 

3.3. Sequential Reductions. As any reduction lZs(G) of a graph G G G over 
the structural set S is again a graph in G it is natural to consider sequences of 
reductions on a graph as well as to what degree a graph can be reduced via such 
reductions. In order to address this we need to first extend our notation to an 
arbitrary sequence of reductions. 

Definition 3.8. For G = (V, E, uj) suppose Si,...,S m CV such that Si G st(G), 
fti (G) =n Sl (G) and 

S l+1 G st(TZi(G)) where ft Si+1 (7^(G)) = TZ i+1 (G), 1 < i < m- 1. 

If this is the case then we say Si, ... , S m induces a sequence of reductions on G 
and we write 7Zi(G) = 1Z(G; Si, . . . , Si) for 1 < i < m — 1. Moreover, we let 

AA(G; Si,...,Si)= N{G- Si,..., S^) U A^-^G); Si), 2 < * < m. 

The following is an immediate corollary of theorem 13.51 

Corollary 2. Suppose Si,...,S m induces a sequence of reductions on the graph 
G G G. Then a (G) and a(lZ(G; Si, . . . , S m )) differ at most by N(G; S\, S m ). 

Definition 3.9. For p G C[A] let deg(p) be the degree of p and for u> = p/q G W let 
tt(lu) — deg(p) — deg(q). Let G,r G G be the set of graphs with the property that 
for any G G G^ with vertex set {vi, . . . , v n }, ir(M(G)ij) < for all 1 < i,j < n. 

Remark 2. Note that any graph G where M(G) G C" xn is in the set G T . 

With this in place we give the following theorem on sequential reductions. 

Theorem 3.10. (Commutativity of Reductions) For G G G^ suppose the 
sequences Si, ... , S m and Ti, . . . ,T n both induce a sequence of reductions on G. If 
S m = T n then U{G; Si,..., S m ) = 7^(G; Ti,...,T n ). 
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That is, the final vertex set in a sequence of reductions completely specifics the 
reduced graph irrespective of the specific sequence. However, if Si,...,S m and 
T±, . . . , T n both induce a sequence of reductions on G G it is possible that 
W(G; Si,...,S m ) N(G; Tt,...,T n ) even if S m = T n . A natural goal then in 
designing a sequence of reductions is to somehow minimize 7V(G; Si, ... , S m ) by 
carefully choosing the structural set Si at the ith step in a particular sequence. 

To address the extent to which a graph may be reduced via some sequence of 
reductions as well as indicate the uniqueness and flexibility of such reductions we 
give the following theorem. 

Theorem 3.11. (Existence and Uniqueness) Let G = (V,E,u>) and V be any 
nonempty subset ofV. If G G then there exist a sequence Si, ... , S m —i, V induc- 
ing a sequence of reductions on G. Moreover, for any such sequence T\, . . . , T n _i, V 
there is a unique graph TZy[G] = TZ(G; T\, . . . , T„_i, V) independent of the particu- 
lar sets T\, . . . , T m -i. 

Remark 3. It is important to mention that V in theorem 13.111 is any subset of 
vertices of the graph G. In particular, V may not be a structural set of G. 

4. Reductions in Steps 

In this section we introduce a related but alternate way of describing the branch 
structure of a graph where this structure is again related to the graph's spectrum. 
We then use this structure along with a small number of graph transformations to 
give a constructive method for reducing any graph GeG over any S S st(G). 

4.1. Branch Decompositions. For a given branch j3 = v\, . . . , v m in the graph 
G = (V, E, u>) let the weight sequence of (3 be the sequence given by 

Q(/3) = w(eu), . . . ,w(ej_i )i ),w(e ii ),a;(e ii i + i), . . . ,w(e mm ). 

Definition 4.1. For a structural set S = {vi, ... ,v m } of a digraph G let 

Z>s(G)= (J {K%;^)):/3G%(G;5)} 

l<i,j<m 

be the branch decomposition of G with respect to S where this set includes multi- 
plicities. 

Note that T>s(G) can be written as lists but the formulation above is more 
convenient. 

Definition 4.2. Let G, H G G. We say G and H have a common branch decom- 
position via the structural sets S and T respectively if S G st(G), T G st(H) and 
there is a one-to-one map p : S — > T such that 

Dt(H)= (J {(p(v i ),p(v j y t n(j3))'>PeBij<G;S)}. 

l<i,j <m 

For example consider the unweighted digraphs G and H in Figures 1 and 3. For 
T = {vi,Va} and S = {w 2 , w 5 } 

V T {H) = {(«!, vv,0, 1, 1, 1,0), (v u v 4 ; 0,1, 1,1,1), 

(«4i«i; 1, 1,0, 1,0), (v 4 ,v 4 ; 1, 1,0, 1, 1)} 
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wjjj 

UijUjk/iX-Uljj) 
, „ . , ^jfc 

Figure 5. Loop bisection of an edge. 

V S {G) = {(w 2 ,w 2 ;0,l,l,l,0),(w2,«> 5 ; 0,1, 1,1,1), 

(w 5 , w 2 ; 1, 1,0, 1,0), (w5,w 5 ; 1, 1,0, 1,1)}. 

These graphs have the same branch decomposition via the map p : S — ► T given by 
p(u 2 ) = w 2 and p(u 3 ) = w 5 

Note that if two graphs G and if have a common branch decomposition with 
respect to the structural sets S and T respectively then there is some p : S — > T 
such that Bij (G; S) = B p {i) P (j) (H; T) for all i, j. This implies the following corollary 
of theorem 13.51 

Corollary 3. Let G, H S G having a common branch decomposition via S and 
T respectively. Then 1Zs{G) ~ TZt(H) and cr(G) and cr(H) differ at most by 
Af{G;S)l)Af(H;T). 

That is, common branch decompositions imply common reductions. One of the 
useful distinctions between branch reductions and decompositions is that the branch 
decomposition of a graph contains the lengths of the individual branches whereas 
the reduction does not. 

Moreover, we note that in some ways branch decompositions are a more natural 
graph theoretic object since graphs with a common branch decomposition share 
the same weight set. It will be the fact that the branch decomposition of a graph 
retains the weight set and branch lengths that will allow us to prove theorem 13.51 

4.2. Branch Manipulations. If G € G and S E st(G) then two branches /3i, /3 2 G 
Bs(G) are said to be independent if they have no interior vertices in common. 

Definition 4.3. Let G, X £ G be graphs with a common branch decomposition 
both with respect to the same set S. Then X is a branch expansion of G with 
respect to S if any two /3i,/3 2 £ Bs{X) are independent and each vertex of X is on 
a branch of Bs(X). 

Note that G and its branch expansion X may have all vertices in common or 
share only the vertices in S. 

Lemma 4.4. (Branch Expansions) Let S £ st(G) for G £ G. Then an expan- 
sion X of G with respect to S exists and o~(G) and o~(X) differ at most by Af(G; S). 

An example of a branch expansion is seen in figures 1 and 3, G being an expansion 
of H over the set T — {v\, V4} if the vertices of G are relabeled via w 2 1— * i> 2 and 

U> 5 h-> V 3 . 

Let G — (V,E,ui) be a weighted digraph where V — {v\, . . . ,v n } and £ E. 
Suppose u>ij , Ujj , uijk £ Wforj 7^ i, k where w(ejj) = LUijLUjk/(X—LL>jj). If we replace 
at in G by the two edges and loop with associated weights as in figure 5 then we 
call the resulting graph the graph G with loop bisected edge ak with intermediate 
vertex Vj . 

Lemma 4.5. (Loop Bisection) Let G = (V,E,oj) where eik £ E such that 
w(ejfe) = LUijLUjk/{\ — Wjj). If G is the graph G with loop bisected edge and 
S £ st{G) then S £ st{G) and the spectra <r(G), <r(G) differ at most by J\f(G; S). 
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4.3. Independent Branch Reductions. The goal now is to combine lemmas l4~4l 
and 14.51 to construct the reduction lZs(G) which can be done as follows. 

The first step in the reduction of G over the structural set S is to in fact do 
the opposite. That is, we first would like to find a branch expansion of G. Note 
that we can explicitly construct an expansion X of G via T>s(G) by taking each 
pair of vertices in S and connecting them by independent branches with weight sets 
and multiplicities as specified in this decomposition. Since each vertex of X is by 
construction on some branch of X then this is in fact an expansion of G giving a 
proof to the existence claim in lemma |4~41 

For the next step in this reduction we use the lemma 14.51 to shorten the lengths 
of the independent branches in the expanded graph X. Specifically, if (3 £ By (A?, S) 
has weight set f2(/3) = {u>i, £1,102,^2 ■ ■ ■ ,<*) n —i,£ n -i,w n }, n > 1 then by lemma 14751 
we may modify this weight set to {u>iu>2/(^ — t\),l<i, ■ ■ ■ ,u> n -i,l n -i,u> n } without 
effecting the spectrum of the graph by more than Af(G;S). If this is continued 
until (3 is reduced to a single edge (3 e from m to Vj then (3 e has weight V u (j3). 

If every branch of X is contracted to a single edge in this way then, after the 
multiple edges are made single via our convention, the resulting graph is the graph 
Hs(G) defined in definition 13.41 Moreover, as each step in this process does not 
change the spectrum of the graph by more than Af(G; S) then the proof of theorem 
13.51 follows once lemmas [4.41 and BT51 arc known to hold. 



5. Proofs 

Before we prove the main results of this paper we note the following (see [8] for 
details). First, a directed graph is strongly connected if there is a path (possibly 
of length zero) from each vertex of the graph to every other vertex. The strongly 
connected components of G = (V 1 E) are its maximal strongly connected subgraphs. 
Moreover, its vertex set V — {v±, . . . , v n } can always be labeled in such a way that 
M(G) has the following triangular block structure 



M(G) = 



M(Si 



M(§ 2 ) 





M(S m ) 



where Si is a strongly connected component of G and * are block matrices with pos- 
sibly nonzero entries. As det(M(G)) = Yl^L 1 det(M(Sj)) then, since edges between 
strongly connected components correspond to the entries in the block matrices 
below the diagonal blocks, these edges may be removed or their weights changed 
without effecting cr(G). Moreover, as an edge of G is in a strongly connected com- 
ponent of G if and only if it is on some cycle then all edges belonging to no strongly 
connected components of G can be removed without effecting a(G). 

With this in mind, for the graph G = (V,E,u>) where V = {vi, . . . ,v n } and 
S £ st(G), we say an edge £ E is not on any branch of Bs{G) if Vi,Vj do not 
both belong to some (3 for all f3 £ Bs(G). If is not on any branch of Bs(G) then 
the claim is that it cannot be on a cycle unless the cycle is a loop. 

To see this note that every cycle which is not a loop must contain a vertex of S 
for S not to induce a cycle in 1(G). Hence, every cycle is either a single branch or 
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the union of several branches in Bs(G). This implies that all edges except for loops 
off the branch set Bs{G) may be removed without effecting the graph's spectrum. 

On the other hand, suppose ejj is a loop, having weight possibly equal to 0, on 
the vertex Vj where Vj is not a vertex on any branch of Bs{G). Then this vertex 
may also be removed from G without effecting the spectrum of the graph by more 
than Af(G; S). This follows from the fact in this case that the vertex Vj is itself 
a strongly connected component of G since, by the discussion above, it lies on no 
other cycle of G. Hence, if §1 , . . . , S m are the strongly connected components of G 
where Vj = Sf then 

m 

(3) det(M(G) - XI) = (w(e#) - A) J] det(M(S fc ) - XI). 

Therefore, removing vj from G (which removes e^) changes c(G) at most by solu- 
tions to the equation A = u>(ejj) or the A such that u>{ejj) is undefined, all of which 
are in Af(G; S). We record this as the following proposition. 

Proposition 1. Let G — (V,E,ui) and S G st(G) where Vs,Es are the set of 

vertices and edges respectively not on any branch ofBs{G). IfQ = (V\Vs, E\Es,ui) 
then the spectra o~{G) and <j{Q) differ at most by M{G\ S). 

For ease of notation we adopt the following. For a square matrix M denote 
by [M]ij the minor of M given by the determinant of the reduced matrix formed 
by omitting the zth row and jth column of M. Continuing in this manner we let 
[[Af]y]j,; = \M\ij ki be the determinant when row i, column j are omitted then row 
k, column j and so on. We now give a proof of lemma FOl 

Proof. Let H = (V,E,ui) where V = {vj, . . . , v n }, n > 3 and en, en E for 
2 < i < n. Also let u)(en) = U)(e22), and e^ € E. From H we construct the 
graph H first by switching the edge e^2 to e3i while maintaining its edge weight. 
Second, if 0(vi) = {vj £ V : S E,j ^ i} make 0{v%) the same as 0(v2) such 
that u)(eu) = u>(e2i) for all 3 < i < n. Let the resulting graph be the graph H (see 
figure 6). 

If M = M (H) - XI and M = M (H) - XI the claim is that det(M) = det(M). To 
see this note that [M]3i,22 = [M]n,32 and as well that [M]3i,i2 — for all 4 < i < n 
since the first two rows in the associated matrices are identical. If w(ey) = u%j for 




all dj £ E then 

det(M) = (w 22 - A)[M] n + w 32 [M] 3 i = 

n 

(^22 - A)((W22 - A)[M]n,22 +^(-l)W[M]ll, l2 ) -^32(^22 - A)[M] 3 1,22 = 

n 

(iv 22 - A)((w 22 - A)[M] n ,22 + ^(-^^[Mlii^). 

i=3 

Since [M]n )i2 = [M]i M2 for 2 < i < n then 
det(M) = (w 22 - A)[M] n = 

n 

(uj 22 - A)((cj 22 - A)[M] n ,22 + ^(-l)'w,2[M]iM2) = dct(M). 

i=3 

Hence, a(H) = <t(H). Moreover, it follows that if S £ st(H) where v\, v 2 ^ S then 
S 1 G si(_ff) and both H and if have the same branch decomposition with respect 
to S. 

To use this construction to our advantage let Q = (V,E,lu) such that V = 
{v 2 , v n }, n > 3. If Q\ = ({wi}, {en}, n), M(en) = w(e 22 ), and G = ft U 5 then 
for any 5* £ si((?) where v 2 £ S it follows that S" <G st(G). 

Suppose then that Pi,(3 2 £ Bs (G) are distinct but not independent where their 
first interior point of intersection is the vertex v 2 . If it is the case that the vertex 
preceding v 2 on (3\ is v 3 and the vertex preceding v 2 on /3 2 is V4 where v 3 7^ W4 
then G has the structure of H in the figure 6. Applying the same procedure to 
G as we did to H we obtain the graph G having the same spectrum as G where 
S £ st(G) such that both graphs have the same branch decomposition with respect 
to S. Moreover, the branches fi\ and (3 2 in G no longer meet at v 2 but at some 
vertex following v 2 , if at all. 

If the vertex w 3 = V4, then under the assumption that j3i ^ /3 2 , by a relabeling 
of the vertices in G, with the exception of v\, let v 2 be the first vertex on (5\ 
and where the following vertex on these branches differ. If G T is the graph 
with adjacency matrix M(G) T (where T denotes transpose) then a(G) — cr(G T ) 
and S £ st(G T ). Moreover, the branches (3f,(3 2 £ Bs(G T ) corresponding to 
Pi,f3 2 £ Bs(G) can be separated at v 2 again using the method above. If this 
modified graph is denoted G T then the graph G with adjacency matrix M(G T ) T 
(see figure 7) and G again have the same spectrum as well as having the same 
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branch decomposition with respect to S. As before, f3i and (3 2 in G meet at some 
point following v 2 , if at all. 

Since the subgraph Q\ of G is a strongly connected component with single vertex 
v\ £ S then proposition [T] implies <j{G) and a(G) differ at most by AT(G; S) which 
inturn implies the same for o~(G) and o~(G). Let X denote the graph given by 
repeating this process over all branches in Bs(G) until each is independent of all 
other branches. Then Ds(G) — Ds{X) and <r(G) and ct(X) differ at most by 
N{G-S). 

Again proposition [T] can be used to remove any vertex or edge not belonging to 
a branch of Bs(X) without effecting the spectrum of X by more than J\f(G;S). 
The removal of these edges and vertices produces the graph X where X is a branch 
expansion of Q with the desired properties. □ 

We now give a proof of lemma 14.51 

Proof. We proceed as in the previous proof. Let Q = (V,E,v) have vertex set 
V = {v 2 , ■ ■ ■ , v n }, n > 3 where e23 is an edge with weight (jJ 2 \U) 2 z / {X — un). Let G 
be the graph Q with loop bisected edge e23 with intermediate vertex v±. That is, 
G has vertex set {v±, . . . , v n } where u(eu) = u>n, io{e 2 \) = W21, and u>{ei^) = 0J13. 

The claim is that det(M(£) - XI) = (w u - A) det(M (G) - XI). To see this let 
G = Qi U Q where Q\ = ({«i},0) as well as w(ejj) = unj and consider the two 
matrices M = M(G) - XI and M = M(G) - XI. Assuming v 2 ^ vj, 

- A(det(M)) = -X((w u - A)[M]n - u 21 [M] 21 ) = 

n 

- A((wu - X)((uj 22 - A)[M]n,22 + 53(-1) < w ! h[J&]ii j m) - wai(-wi 3 [M]2x,i3)). 
On the other hand, 

(wu - A) det(M) - (o; u - A)(-A)[Af]n = 

n 

- A(wn - A)((U22 - A)[M] n ,22 - -^^-[^11,23 + V(-l)W[M] n . 2l ) = 

c n - A ^ 

n 

- A((uu - A)(w 22 - A)[M]ix,22 + W2lWl 3 [M] 11,23 + (Wn - A) ^(-l) 8 W2i[M]u i2 i). 

i=4 

As [M] 

2143 — [^]n,23 and [M]n : 2i = [-M]ii,2i for i > 2 then (wu — A)det(M) — 
-Adet(M). Since -Adet(M(0) - XI) = det(M) then this implies 

-A(wn - A)det(M(^) - XI) = -Adet(M) 

verifying the claim as —A can be removed by multiplying by its inverse in W. 

An argument similar to that in the proof of proposition [T] (see equation ([3])) 
implies cr(G) and <r(G) differ at most by AT(G; S). And if it is the case that v 2 = V3 
a similar argument implies the same result completing the proof. □ 

We note that the preceding two proofs are enough to prove theorem 13.51 via the 
method described in section 4.3. We now turn to the proof of theorem 13.101 for 
which we will need the following. 

Lemma 5.1. If G = (V, E,oj) is a graph in G T where S € st(G) then TZs(G) £ &„. 
Moreover, if V = {«i, . . . , v n } where n > 2 then V \ {vi} G st(G) for all 1 < i < n. 
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Proof. Let w\ = pi/qi, w 2 = pilqi, and W3 = P3/93 be elements of W such that 
7r(ioi), tt(w2), ~n(ws) < 0. As 



I , \ /Pl92 +P29l\ , X I \ ( w 

n(wi + w 2 ) = 7T( ) < max{7r(wi),7r(w 2 )}, 

\ 9i92 ' 

it(wiW2) — 7r( — — J = 7r(wi) + 7r(u>2), and 
V 9192 ' 

7T = 7T ? — - < n(wi) + ir(w 2 ) 

\\~w 3 J \qiq 2 (q3* -Ps)' 



are each nonpositive then the first statement of lemma 15.11 follows from definition 
1331 and 13^1 

Consider then a single vertex m of G — (V, E, u>) where G is assumed to be in 
Gjr. As Vi cannot induce any cycles in £(G) and to(eu) ^ A given n(uj(eii)) < 
then V \ {vi} £ st(G) so long as V has more than one vertex. The result then 
follows. □ 

Let G — (V,E,l>) be a graph in G„- with V — {v\, . . . ,v n }. Taking the per- 
spective that reductions amount to removing vertices from a graph then, by way of 
notation, if TZ(G;vi) = TZv\{ Vi }(G) then inductively define 

TZ(G; vi, . . . , Vi) = TZ(TZ(G; v\, . . . , w<) for 1 < % < n. 

Note that the graph 7Z(G; v%, . . . , Vi) is well defined by lemma l5~Tl for each 1 < i < n. 

Lemma 5.2. Let G = (V,E,lj) where G £ G,. If S G st(G), V = {v!,...,v n }, 
and S — {vk, ■ ■ ■ , v n } where 2 < k < n then for any permutation p on {fc, . . . , n} 7 
Tl s (G) = K(G; Up(fc) , . . . , «p( n ) ) . 

That is, any reduction over a structural set S can be accomplished by sequentially 
removing vertices in S in any order without effecting the resulting graph. 

In the proof of this lemma we use the following. If a, 7 e Bs(G) where a = 
Vi, . . . , v m and 7 = v m , . . . , v n then let (3 = a * 7 be the concatenation of these 
branches given by a * 7 = vi, . . . ,v m , . . . ,v n . Note that the branch G Bs{G) is 
the empty branch with branch product 0. We now give a proof of lemma [5T2"1 

Proof. Let G and S be as in the statement of lemma 15.21 For the sake of notation 
let S U {vk} = Sk and note that as S induces no cycles in 1(G) then the same 
is true of Sk implying Sk G st(G). From this and lemma 1531 it then follows that 
S G st(Ks k (G)). Therefore, let TZ Sk (G) = {S k ,E,u), K s (n Sk (G)) = (S,E, v), and 
TZs(G) = (S,£,fi). Also for any graph H = (V,F,t) with structural set T let 
Bij(H; T) be the branches in Bij(H\ T) containing the vertex Vk G V. 

Then for 1 < i, j < k note that Bij(TZs k (G); S) consists of at most two branches 
Pufo where ft G B^(TZ Sk (G), S) and f3 2 £ B^(K Sk (G), S) where either branch is 
possibly empty. Hence, v(e^) = Vp(fii) + T^fa)- 

In what follows let B 2 (G, Sk) be the direct product Bik(G, Sk) x Bk 3 (G, Sk). As 
/?i = Uj, Ufc, and (3% = V4, Vj if each are nonempty then 

X — uiiekk) 
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On the other hand, for 1 < i,j < k 

M(ey)= E + E V «(Py 

Note that if /3 € Bfj(G, S) then there exists a unique pair (a, 7) 6 B 2 (G, Sk) such 
that a * 7 = /?. Hence, Vu(0) — Vu(a)Vuj{j)/(\ — uj(ekk))- Moreover, as 

E E v »w 

then nifiij) = v(e-ij) for all 1 < i,j • < k implying 

(4) H s (G)=H(K Su{vk} (G);v k ). 

To see how this is useful let S U {vk, ■ ■ ■ , Vi} = Si for k < i < n. As Sk+i = 
Sk U {ufe+i} G si(G) for the same reason Sk € si(G) then by adjusting the indices 
in equation Q it follows that 

K Sk (G)=K(K Sk+1 (G);vk + i). 
By inserting this back into dU, Hs{G) = 

H{H{n Sk+1 (G)-v k+1 )-v k ) = n(n Sk+1 (Gy,v k+U v k ). 

Continuing in this way we arrive at 

n s (G)=n(n Sn (G);v n ,...,v k )=n(G;v n ,...,v k ) 

where the final equality follows from the fact that S n — V. As the labeling of 
S was arbitrary then lZs{G) = 'R.iG; v p i k \, . . . ,v p r n \) for any permutation p on 

{/•• "!■• ' " □ 

Lemma 5.3. Let G G G n with vertex set V = {v\, . . . , v n } and n > 2. For any per- 
mutation p on {1, . . . , i} where 1 < i < n, 1Z(G; V\, . . . , Vi) — TZ(G; v p n-\, . . . , t> p (j))- 

Proof L Given G= {V,E,u) letft(G;«i) = (Vi,^i,^i), H(G;v 1 ,v 2 ) = {V^E^^), 
and 1Z(G; v 2 ,vi) = (Vi 2 ,E 2l v^). For 1 < k, I < n let tj(e k i) = wjm and note that if 
3 < i, j < n where i 7^ j then 

^i(eij) = uJij + , v 1 {e a ) = u>i2 + t , and vi{e 2 j) = u) 2j 1 



— u)\i A — u>xx A — cJi 

This implies in particular that 1/1 (&y) = 



Wij + ( 



U>ilU>lj LOi 2 L0 2 j k , LOi 2 L0 2 \LO\j U)nUJl 2 LU 2 j 



\ — u>n \ — lu 22 (A — luii)(X — uj 22 ) (A — wn)(A — uj 22 ) 

As this equation is symmetric in the indices 1 and 2 then vi(eij) = v 2 {e-ij) for 
3 < i,j < n, i 7^ j. If z = j then it follows that v\{eij) = = 1/2 (e^). Hence, 
1Z(G;vi,v 2 ) = 7Z(G;v 2 ,vi). Note that this can be used to show 

H(G;vi,v 2 , . . .,vj,v j+ i, ...,vi)= K(G;vi,v 2 . . .,Vj + i,Vj, . . .,Vi), l<j<i 

or that any transposition in the order of the removal of vertices Vj,Vj+i does not 
effect the reduction. As any permutation 7r on {1, . . . , i} can be achieved via some 
number of transpositions it follows that TZ(G; v\, . . . = TZ(G; v^m, ■ ■ ■ , tV(»))- 

□ 

We now give a proof of theorem 13.101 
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Proof. Let Si, ... , S m and T\, . . . , T n both induce a sequence of reductions on the 
graph G G G where S m — T n . If Si — Si \ Si+i and Tj = Tj \ Tj+± then label 
Si = {s{, . . . , si.}, fj = {t{, ...,t\} where hjj e N for 1 < i < to, 1 < j < n. 
By repeated use of lemma 15.21 it follows that 

U(G; S 1 ,...,S m ) =H{G; s\, s\, . . . , s^ , s\, s|, . . . , s£J and 

1Z(G; Ti, . . ., T n ) =TZ(G; t 1 ,t 2 , ■ ■ ■ ,t ll ,t 1 ,t 2 , ■ ■ ■ ,tf n ) 

since the order in which the vertices of Si and Tj are removed does not matter so 
long as the vertices in Si are removed before those in S i+1 and the vertices in Tj 
before Tj+i. 

Since (Ji=i &i = Uj=i Tj then under the relabeling of s\, s^, ■ ■ ■ , sj™^ to v%, . . . , vn 
let 7r be the permutation on {1,...,7V} such that v„m, . . . ,f,r(Ar) = ^i, ■ ■ ■ , tf ■ 
Lemma [531 then implies TZ(G; s\, si, ■ ■ ■ , s™ ) = "^-(G; t\, t\, . . . , tf ). It then follows 
that7e(G;S 1 ,...,S m )=ft(G;T 1 ,...,T n )r " □ 

For a proof of theorem 13.111 we give the following. 

Proof. Let G = (V, E, u) be a graph in G w where V C V is any nonempty set. 
If V = {yi, . . . , w m } then lemma 15.11 implies that R{G\ V\, . . . , v m ) is well defined 
completing the proof of the first statement of the theorem. 

The proof of the second statement follows by a direct application of theorem 
I3~TU1 □ 

6. Reductions and Strongly Connected Components 

Recall from section 5 that the strongly connected components of a graph G € G 
carry all the information necessary to compute the spectrum of o~(G). A natural 
question then is to what degree graph reductions respect the structure of strongly 
connected components. Our first result in this direction is the following. 

Lemma 6.1. For the weighted digraph G — (V,E,lu) suppose S G st(G) and 
§i, . . . ,§ m are the strongly connected components of G. If Si is the nonempty set 
of vertices of Si contained in S then TZs^Si) are strongly connected components of 
lZs(G) for 1 < i < to where Si=f=$. 

Proof. Suppose Vi,Vj are vertices in Sk which are possibly nondistinct. Assuming 
Sfe has more than one vertex then there is a path or cycle P, with positive length, 
contained in Sk from Vi to Vj . As every edge in this strongly connected component 
must be on a cycle then P = 0i * ■ ■ ■ * [3 n where each (3 m S Bs{Sk) for 1 < to < n 
since every cycle in G contains at least one vertex in S. If b m € S is the vertex 
joining /3 m _i and (3 m there is a path or cycle Vi, b\, , b% . . . , b n , Vj in lZs{G) from Vi 
to Vj. Switching the roles of Vi and Vj it follows that both the vertices Sk belong 
to the same strongly connected component of lZs(G). 

To see that these are the only vertices in this strongly connected component 
suppose that there is no path from Vi to Vj in G. That is, if Vi,Vj S S then 
v-i e S a , Vj e Sb where a ^ b. By similar reasoning then both vertices must be in 
different strongly connected components of lZs(G) as there can be no concatenation 
of branches j3\ * ■ ■■ * (3 n from Vi to Vj. Hence, the strongly connected component 
in lZs(G) containing Sk contains only the vertices in Sk implying lZs k (Sk) is a 
strongly connected component of lZs(G). 
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If Sfc consists of a single vertex m £ S then Sk is empty implying lZs k (E>k) is as 
well. On the otherhand if wj € S then, from the above, TZs h ($k) = §fc- The result 
then follows. □ 

Lemma 16.11 implies that the adjacency matrix of lZs{G) can be written in the 
block diagonal form 

M Sl (§i) ... 
* Ms 2 (S 2 ) : 



M(n s (G)) 







where Mg i (Si) is the adjacency matrix of 72-s ( (§i) if Si ^ 0. That is, reductions 
respect the strongly connected component structure of the graph in the sense that 
the reduction of a strongly connected component is a again a strongly connected 
component in the reduced graph. 

Another characteristic of strongly connected components mentioned in section 5 
is that all edges off of these components G G G can be removed without effecting 
a(G). That is, if G= {V, E, lu) and G scc = (V, E scc , u) where E scc is the set of edges 
in E belonging to some strongly connected component of G then a(G) — a(G scc ). 

This suggests an alternate approach to finding a reduction of the graph G by first 
removing the edges of G which do not belong to any strongly connected component 
then reducing as usual. 

Proposition 2. Let GeG and S G st(G). Then K S (G SCC ) = Tl s {G) scc and both 
a(TZ s (G scc )) and a(Ks(G) scc ) differ from a (G) by at most Af(G;S). 

Proof. Let G — (V,E,lj) and S € st(G). As G and G scc have the same strongly 
connected components then the fact that S G st(G scc ) implies via lemma HTT1 that 
1Zs(G) and lZs(G scc ) have the same strongly connected components as well. Hence, 
the same is true of K S (G SCC ) and K S (G) SCC . 

Note that lZs{G scc ) has the property that each of its edges is contained in 
some strongly connected component of this graph. This follows from the fact that 
every branch in Bs{G scc ) is contained in some strongly connected component of 
G scc so lemma 16.11 implies there are no edges between the associated components 
in TZs(G scc ). As there are no edges between strongly connected components in 
Hs(G scc ) and TZs(G) scc then these graphs are identical. 

To compare spectra note that both a{G) = a(G scc ) and a(lZs(G)) = 
a(lZs(G)) scc . Furthermore, an application of theorem 13.51 implies a(G scc ) and 
a(lZs(G scc )) differ at most by Af(G; S) since every loop of E is contained in E scc . 
Similarly, as ct(G) and a(1Zs(G)) differ at most by J\f(G; S) the proof is complete. 

□ 



7. Unique Reductions 

A typical graph will usually have many different structural sets which on the 
one hand adds flexibility to the process of graph reductions but on the other means 
some choice of structural set must be made before a graph can be reduced. In this 
section we consider a particular type of structural set that is defined independent 
of any specific graph. The advantage in this is foremost that every graph in G will 
have a reduction with respect to this particular type of vertex set. This will allow 
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us not only to relate each graph's spectrum to this particular reduction but also to 
partition the graphs in G according to their reductions. 

For a vertex v let the out-degree of this vertex be denoted by d out (v). For the 
graph G = (V, E) define 

D out (G) = {v G V : d out (v) > 2}. 

Definition 7.1. We say a cycle of G is a simple cycle if it contains no vertices 
in D out {G). We call the set of vertices D out (G) together with the vertices on the 
simple cycles of G the basic structural set of G and denote this by bas(G). 

To justify our use of the term basic structural set we give the following proposi- 
tion. 

Proposition 3. For G e G the set bas{G) € st{G) where N(G,bas(G)) = {0}. 
Also the relation of having a reduction in common with respect to a graphs basic 
structural sets is an equivalence relation on G. 

Proof. For G € G it follows that bas(G) £ st(G) as every cycle of G contains some 
vertex in bas(G). This can be seen from the fact that every cycle of G is or is not 
simple which in either case implies that the cycle must contain a vertex in bas(G). 
Also, because no branch in B bas (a) (G) contains a nonzero loop on an interior vertex 
then Af(G,bas(G)) = {0}. 

Next, if G, H,K € G such that the pair G and H and the pair H and K have a 
reduction in common with respect to their basic structural sets then TZbas(G) (G) — 
K bas{H) (H) ~ K bas(K) {K) implying in particular that K bas(G) (G) ~ K b as(K)(K). 
Hence, having a common reductions with respect to a graphs regular vertices is a 
transitive relation on G. From this one can also see that the relation is also reflexive 
and symmetric. □ 

We denote by [G] the equivalence class of graphs in G having a common reduction 
with respect to their basic structural sets which contains the graph G. This will be 
of use in section 7.1. 

It is also important to note that other criteria induce an equivalence relation on G 
or Gyr all that is required is some rule that results in a unique reduction or sequence 
of reductions of any graph in G or G n respectively. This can be summarized as 
follows. 

Theorem 7.2. (Uniqueness and Equivalence Relations) Suppose for any 
graph G — (V,E,u>) in Q n that r is a rule that selects a unique nonempty subset 
t(V) C V . Then r induces an equivalence relation ~ on the set G^ where G ~ H 
iflZ T rv) [G] — TZ T cw)[H] where V, W are the vertex sets of G and H respectively. 

As an example consider the following rule. For a graph G = (V, E,lo) where 
G G G w let m(V) C V be the set of vertices of minimal out degree. If m(V) ^ V 
then by theorem 13.111 lZv\m(v) [G] is uniquely defined and this process may be 
repeated until all vertices of the resulting graph have the same out degree. As the 
vertex set r(V) of the graph resulting from this sequence of reductions is unique then 
the relation of having an isomorphic reduction via this rule induces an equivalence 
relation on G w . 

7.1. Reductions Over Weight Sets. Unlike the weight set W used in this paper, 
it is more typical to consider weighted digraphs G having weights in some subset of 



ISOSPECTRAL GRAPH REDUCTIONS 



19 



C. The tradeoff then for considering 1Zs{G) is that although the graph structure is 
simpler the weights become rational functions. In some sense the weights begin to 
take on the shape of the characteristic polynomial of M(G). On the other hand, if 
we wish to reduce the size of the graph, i.e. number of vertices, while maintaining 
its spectrum along with a particular set of edge weights the following is possible. 

Theorem 7.3. Let U C W be a unital subring and suppose GeG has weights in U. 
Ifbas(G) = {v\, . . . ,v m } and ti is the length of the longest branch in Bji(G,bas(G)) 
for all 1 < j < m then there exists a graph Q with the following properties: 

(1) Q G [G] implying a(G) and a{Q) differ at most by {0}. 

(2) Q has weights in U. 

(3) Q has m + X)"=i(^ — -0 vertices. 

Proof. We prove the theorem by explicitly constructing the graph Q with the re- 
quired properties. 

To do so, let G — (V, E, lo) where G has weights in U some unital subring of W. 
For bas(G) = {v\, . . . , v m } let 

Bi(G)= (J B 3l (G;bas(G)) 

l<j<m 

and let j l G Bi(G) be a branch of maximal length for all 1 < i < m. Further- 
more, let T = {7 1 , . . . ,7™} and note each 7* is given by the sequence of vertices 
7*(0),7 4 (1), . . . ,7*(^i) where ti is its length. We construct Q via the following. 

First, let Q = (V,£,[i) where {v\, . . . ,v m } = bas(Q) C V and each -f l e 
Bbas(Q){Q) for i < m. Moreover, each 7* is independent of each 7-?, i 7^ j. 

If e j,j+i is the edge from J l (j) to + 1) then set 



M(e i_ i ) = frifcii ^(4-i,fe) for j = 1 

J ~ '• 7 I 1, otherwise 



and note that each /^(ej.jj) G U. 

Lastly, for each (3 G Bij(G;bas(G)) \ T, if [3 has length n then add an edge 
[3 e from Vi to ji(rij + 1 — n) to the edge set E. Make (J,([3 e ) = Y\ k=1 ^>k where 
S7(/3) = u\, 0, 0J2 ■ ■ ■ , ^(-1,0, uji is the weight sequence of fi. If multiple edges of Q 
are reduced to single edges by summing the corresponding weights then Q has the 
following properties. 

The vertex set £ consists of all distinct vertices in T of which there are m + 
(£j ~ !)• Moreover, each weight of Q is the product or sum of products of 
elements of U implying Q has weights in this set. Finally, there is a one-to-one 
correspondence between branches in Bij(G,bas(G)) and Bij{Q;bas{Q)) where cor- 
responding branches have the same branch product. Hence, Q G [G]. □ 

An example of this construction is the graph H in figure 8 which is constructed 
from the graph G (in the same figure) over the weight set U = {1}. ff is a 
reduction over the weight set U = {1} of G in the sense that it has fewer vertices 
than the graph G from which it is constructed. Furthermore, one can compute 
a{G) = {±V2, 0, 0, 0, 0} and a(H) = {±V2, 0, 0}. 

A more complicated problem involves finding the graph H G [G] with the least 
number of vertices where both H and G have weights in some set UCW. 
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Figure 8. H is a reduction of G over the weight set {!}. 



8. Concluding Remarks 

The main results of this paper are concerned with the way in which the structure 
of a graph influences the spectrum of the graph's adjacency matrix and to what 
extent this spectrum can be maintained if this structure is simplified. For the most 
part these results give algorithmic methods whereby a graph can be reduced in size 
but do not mention if such methods might be useful in determining the spectrum 
of a given graph. 

As is shown in [9] , the graph reductions considered here do indeed help in the es- 
timation of a graph's spectrum. For example, it is possible to extend the eigenvalue 
estimates given by the classical result of Gershgorin [17j to matrices with entries in 
W. The main results of [9] is that eigenvalue estimates via this extension improve 
as the graph is reduced. Analogous results and extensions also hold for the work 
done by Brauer, Brualdi and Varga [6] \7\ [18 ] H9 l l25]whose original results are each 
improvements of Gcrshgorin's. Gcrshgorin's original result is in fact equivalent to a 
nonsingularity result for diagonally dominant matrices (see theorem 1.4 [25]) which 
can be traced back to earlier work done by Levy, Desplanques, Minkowski, and 
Hadamard ED] QH EH [18] . 

Importantly, we note that via our method of graph reductions we obtain better 
estimates than those given by all of the previous existing methods. Moreover, 
graph reductions can be used to obtain estimates of the spectrum of a matrix with 
increasing precision depending on how much one is willing to reduce the associated 
graph. If the graph is completely reduced the corresponding eigenvalue estimates 
give the exact spectum of the matrix along with some finite set of points. 

These techniques can furthermore be used for the estimation of spectra for com- 
binatorial and normalized Laplacian matrices as well as giving bounds on the spec- 
tral radius of a given matrix. In fact it is in such applications that the flexibility 
of isospectral graph reductions is particularly useful. 

The results of the present paper demonstrate various approaches to simplifying 
a graph's structure while maintaining its spectrum. Therefore, these techniques 
can be used for optimal design, in the sense of structure simplicity of dynamical 
networks with prescribed dynamical properties ranging from synchronizability to 
chaoticity [TJ S] . 
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